
IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-32, NO. 1, JANUARY 1984 131

Accurate Approximations for a Function Appearing in TABLE I

the Analysis of MicroStrip COMPARISON OF 13XACTAND APPROXIMATE VALUES FOR Q(x)

EDWARD F. KUESTER, MEMBER, IEEE

Abstract —The function Q(x) defined in the body of the paper is

approximated accurately over the entire range – 1< x < +1. The simple

approximate formulas are then used to obtain some simple expressions for

severaf quantities which are encountered in the quasistatic arrafysis of

microstrip transmission line.

I. INTRODUCTION

The aim of this short paper is to obtain simple, closed-form
approximations to the function

(1)
*=1 \ ,,’ I

which will be accurate over the range of – 1< x < + 1(Q( + 1) =

m). The function Q has appeared in many analyses of the
quasistatic properties of open microstrip transmission lines [1]-[8],
either in the form of (l), or in the guise of a related function

Qo(x)

Qo(x)= ~ Xmlnm= (&-)Q(x)
~=1

(2)

The argument x is of the form – 8, = (1 – c,)/(1 + ~,) when Q
figures into the capacitance of wide or narrow microstrip, or of
the form 8P= (p, – 1)/(p, + 1) in expressions for the line induc-
tance, where c, and p, are, respectively, the relative permittivity
and relative permeability of the microstrip substrate. The expres-
sions Q( – 8,) and Q ( 8P) both figure into the expression for the
quasistatic edge admittance of a conducting half-plane on, a
grounded substrate [4], [9].

While Q can be evaluated from its series form (l), it is
cumbersome to do so numerically, especially for large c, or p,. It
is also possible to relate Q to a class of generalized zeta-functions
[9], but this does not appear to be of help in its numerical
calculation either. If Q could be approximated in closed form
using only elementary functions, the expressions for line capaci-
tance, inductance, and edge admittance [1]–[9] for microstrip
would become quite simple, and make them more attractive for
design work on small calculators.

In point of fact, Wheeler [10] several years ago provided a
unified formula for the characteristic impedance of microstrip.
This formula was said to be the result of matching the correct
limiting behavior for very narrow and very wide microstrips with
a sufficiently simple functional form, and it turns out to be
accurate to within 2 percent for all values of the microstrip
parameters in the case of a nonmagnetic substrate (p, = 1).
However, nowhere in Wheeler’s expression does the function Q
appear. If we compare the narrow-strip limit of Wheeler’s for-
mula with the results of [1]–[3], [5], we find that they would be
identical if

()Q(-ti,)~ln ~
r

(3)
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_x_ ~ eqn. (4) eqns. (5)-(6)

-1.0 -0.4516 -0.4520 -0.4516

-0.7 -0.3509 -0.3559 -0.3478

-0.3 -0.1778 -0.1837 -0.1741

0 0 0 0

0.3 0.2546 0.2713 0.2459

0.7 0.9146 0.9921 0.8840

0.99 4.0524 4.2905 4.0391

i.e., if

/.. , ,,. ,
(4)

Some numerical checking shows that, indeed, the replacement (4)
is quite accurate (to 5 percent near x = O and improving to about
0.1 percent near x = – 1) over the range – 1< x <0 covered by
– 8,. In the range 0< x <1, however, which is covered by 8P, the
approximation is far less accurate, especially for x close to 1
(corresponding to highly magnetic substrates). In an effort to
,improve the approximation over this range, we are led to consider
an approximation of the form

[

2

( )]
Q(~)=~ln l+ A&+B ~l–x ‘

1X1<1 (5)

where A and B are suitably chosen constants ((4)-is a special case
of (5), with A = 16/11= 1.4545 and B = 64/121= 0.5289). If
desired, we could motivate the choice of functions in (5) as an
approximation to dQ/du by a rational function of u = x/(1 – x).

With two constants A and B to adjust, we can achieve a better
match to the function Q, using the following as guidelines:

1) Q(0)= O
2) Q’(0)= ln2
3) Q(–1) = ln(2/n)
4) Q(x)+ –ln(l-x)-y, asx-++1

where y = 0.5772 . . . is Euler’s constant. Conditions 3) and 4)
follow from the expression of Q in terms of Lerch’s zeta-function
[1], [11]. Although the final choice of A and B is, to some extent,
arbitrary, we find that

A =1.3471
B = 0.3152 )

(6)

(so that 3) and 4) are met precisely, and 2) is satisfied to an
excellent approfi’mation) provide an overall agreement in (5),
which is very good—less than 3 percent at its worst (near x = O).
Note that this largest relative error in Q occurs when Q(x) is
near zero, and will thus represent a much smaller relative error in
a formula where Q appears. A comparison of the accuracy of
(5)-(6) versus that of (4) is shown in Table I.

II. APPLICATIONS

From (5), we have

Q(–8,)=~lnr,

Q(8P)=~lnr&

(7)

(8)
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where

~ = ~,4052+ 0.5160 + 0.0788— —
c c, <2

(9)
r

and

rP= 0.4052 + 0.516p, + 0.0788p~. (lo)

For a microstnp transmission line of width 21 on a magneto-
dielectnc substrate of thickness t, relative permittivity c,, and
relative permeability p,, wecart now give the following formulas.

A. Narrow Strips (21/t ~l; c$[l]-[3], [5])
1) Capacitance per unit length:

mo(cr+l)

C= In!!@ “
() 1

2) Inductance per unit length:

4tfi
L=

()
‘op’ in ~

‘( Pr+l)

(11)

(12)

B. Wide Strips (21/t >>l; cfi [11, [7], [81, andnote unapparent
error in the sign of Qo( – 8,) as it appears in [1])

1) Capacitance perunit length:

([C=(O c,++: l+ln 1}‘+c,ln(27rfi) . (13)
tfi

2) Inductance per unit length:

L=
POP,

[’( ,;)+’n(2mfi)]” (14)

(21/t) +(2/7) p l+ln —

Taking Wheeler’s formula as a model, we can fashion the follow-
ing expressions, which match the leading terms of (11)–(14) in
both wide and narrow strip limits, and provide a smooth interpo-
lation in between.

C. Arbitrary Strip Width
1) Capacitance per unit length:

2) Inductance per unit length:

(16)

Note that Wheeler’s formula gives ZC= ( L/C)112 directly, but
not L or C individually, as do (15) and (16). Computation of ZC
from (15) and (16) provides accuracy comparable to that of
Wheeler’s expression when p,= 1, but is also capable of handling
magnetic substrates, for which Wheeler’s expression does not
apply. The lack of truly accurate data for comparison when p, >1
makes the accuracy difficult to assessin this case.

The reflection coefficient of a TEM wave incident f<om under-
neath a substrate-loaded parallel-plate waveguide at an angle @to

Fig. 1. TEM wave incident from underneath a substrate-loaded parallel-plate

rwaveguide, n = p,c, .

the edge of the upper plate (Fig. 1) has the form [4], [9]

r lx(wm+)~~~ = e (17)

where, for an electrically thin (@kO d <<1) substrate, we can
use (7) and (8) to obtain

2kod
x(a)=

{— (
(1- a2)p,[ln(kod~~)+y -1]

T prcr —az

+ ~,[lnfi – a’lnfi]

- p.,c,ln(27fi)+ a2h2(27rfi)] (18)

where d is the thickness of the substrate, and k. = w= is the
free-space wavenumber. Under appropriate conventions, this ex-
pression could also be used to obtain a formula for the end
admittance of this edge as well.

III. CONCLUSION

We have given a simple, accurate, closed-form approximation
for the function Q(x) which appears in formulas for several
properties of microstrip transmission lines. The approximation
has been used to obtain simple expressions for a number of line
parameters associated vvith microstnp structures.
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W-Band Low-Insertion-Loss E-Plane Filter

R. VAHLDIECK, J. BORNEMANN, F. ARNDT,
SENIORMEMHER, IEEE, AND D. GRAUERHOLZ

Abstruet —Computer-optimized design data for a four-resonator metaflic

E-plane filter are given with a tuidband freqnency of about 94 GHz. The

method of field expansion into suitable eigenmodes used considers

the effects of finite insert thickness and bigher order mode interaction. The

measured minimum passband insertion loss of a metaf filter prototype is

1.5 dB.

I. INTRODUCTION

Increasing interest in the 3-mm region of millimeter waves has
stirred the need for low-cost low-loss W-band filters. Pure metal
inserts [1]–[4] placed in the E-plane of rectangular waveguides
without any substrates (Fig. 1) achieve low-loss desigtis. More-
over, metal etching techniques [3], [4] can be applied for mass
production. This paper yields computer-optimized design data for
such a W-band filter. The computer-aided design algorithm is
based on field expansion into eigenmodes [3]–[4] which, in con-
trast to the residue-calculus technique [5], includes the finite strip
thickness considerably influencing passbartd ripple behavior and
midband frequency, as has already been demonstrated in [3]. The
measured frequency response of the metal insert filter that has
been designed and operated at 94 GHz shows good agreement
with theory.

II. THHORYAND DRSIGN

As in [3], [4], the fields for each subregion (v) at the corre-
sponding step discontinuities of the filter structure (Fig. 1) are
derived from the x-component of the magnetic Hertzian vector
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E.- p[ane meta[ insert

I

Fig. 1. Low-insertion-loss E-plane metaf insert filter.

h,,, which is assumed to be a sum of suitable eigenmodes

with

(/(p) )’=(X, X,a-X), (p(”) )’=(a, c,a-d)

k%={’, ,Z=apc

,4~;)’ are the still unknown eigenmode coefficients which are
suitably normalized with the factor T#) [3], [4], so that the power
carried by a given wave is 1 W for a wave-amplitude coefficient
of m.

By matching the tangential field components at the step dis-
continuity interfaces, the coefficients A:) * are determined after
multiplication with the appropriate orthogtmal function. This
leads &reC& to the scattering matrix of each discontinuity. The

overall scattering matrix of the total filter section is calculated
without introducing transmission matrices by directly combining
the single scattering matrices [3], [4], which preserves numerical
accuracy.

As has already been introduced for low-loss fin-line filters [6],
the computer-aided design is carried out by an optimizing pro-
gram applying the evolution strategy method [7], where no differ-
entiation step is necessary, which varies the input parameters
until a desired value of the insertion loss for a given bandwidth is
obtained. An error function F(%) [6] to be minimized is defined
(Fig. 2)

F(X) = ~ (a,mn/a21(fz))2

Np

+ Z (~21(.f, )/upm=)2 ~Min (2)
i=l
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